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SEPARATION SCIENCE AND TECHNOLOGY, 23(12&13), p p .  1799-1811, 1988 

A Stefan-Maxwell Analysis of Protein Transport in Porous Membranes 

Bruce C. Robertson 
Andrew L. Zydney 
Department of Chemical Engineering 
University of Delaware 
Newark, DE 19716 

ABSTRACT 

The Stefan-Maxwell multicomponent diffusion equations were 
used to characterize albumin transport in ultrafiltration mem- 
branes in both an unstirred batch filtration device and a well- 
stirred diffusion cell. We developed a theoretical model for 
ultrafiltrate flux and concentration in the filtration device that 
explicitly incorporates the effects of protein polarization, pro- 
tein osmotic pressure, and a flux-dependent sieving coefficient. 
Experimental data were in good agreement with model pre- 
dictions, providing quantitative evidence for the predicted de- 
pendence of the apparent sieving coefficient on flux. Experi- 
mental data in the diffusion cell indicate that the effective al- 
bumin diffusivity in the 50,000 molecular weight cut-off mem- 
branes was four orders of magnitude less than the Brownian 
motion value. The Stefan-Maxwell diffusivities evaluated in- 
dependently in the two experimental systems were in excellent 
agreement, indicating the general applicability of the Stefan- 
Maxwell approach to protein transport in ultrafiltration mem- 
branes. 

INTR ODJC TI ON 

Membrane separation processes arc becoming increasingly attractive 
for a variety of industrial, biochemical, and biomedical applications. In gen- 
eral, these processes are governed by both bulk (concentration polarization) 
and membrane (sieving and diffusion) transport phenomena. The coupling 
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1800 ROBERTSON AND ZYDNEY 

bet,wecn the bulk and membrane transport has posed significant problems in 
( i )  evalua.ting intrinsic membrane properties, and ( i i )  extrapolat,ing results 
from onc experimental syst,cm to another or from laborat,ory to industrial 
scalr dcvices. In this st,udy, we investigated the transport of albumin in 
50.000 molcciilar w i g h t  cut off membranes using both an unstirred bat,ch 
filtration cell and a well-stirred diffusion cell. We developed theoretical mod- 
c1.c for both b u l k  and membrane transport in these systems and then used 
thcw models to  evaluate intrinsic membrane transport properties which are 
shown to bc independent, of both flow rate and experimental geometry. 

MATERIALS AXD METHODS 

,411 rxpcJriments were performed with bovine serum albumin (Cohn Frac- 
tion 1'. Sigma Chemicals) in 0.15M NaC1. BSA concentrations were rnea- 
sured spectrophotonictrically. Flat sheet polyethersulfone NOVA-50 mem- 
branes with 50,000 molecular weight cut off, provided by Filtron Corporation 
(Clint,on, MA) ~ were used in both the filtrat,ion and diffusion experiments. 
Filtration Experiments 

Filtration experiments were performed in an unstirred, vacuum-driven, 
batch cell (Figure 1). Membranes were supported in a 47 mm diameter 
chariiber providing an effective membrane surface area of 13.9 cm2. Prior t o  
rach expc~riment, the membrane hydraulic permeability was evaluated from 
saliric, flux vs. pressure drop measurrmerits. A11 sieving experiments were 
carried out with an applied pressure of 200 mrn Hg which was maintained to 
.n~ithin 3 q .  Drtails of the experiincntal protocol are described elsewhere (1). 

Diffusion Experiments 
Prot,ein transport was also analyzed using a well-stirred diffusion cell 

(Figurc: 2) which was a modification of the apparatus used by Keller et  al. 
( 2 )  and Scattergood and Lightafoot (3). TWO identical Plexiglas chambers, 
each with 7.5 cm3 total volume, were separated by a NOVA-50 membrane 
wit,h an  effective cross-sect.iona1 area of 3.14 cm2. Each chamber was stirred 
at a constant speed of approximatcly 100 rpm to eliminate bulk concentration 
gradients. At the start  of a run. the two chambers were filled with protein 
solution of identical coricrntrations. A small volume (apprb jximately 100 pL) 
of l z 6 I  labcled bovine serum alburriin (New England Nuclear, Boston, MA) 
was then injected through thc syringe port on one side. Protein diffusive 
flux across the membrane was rraluated by monitoring the activity in both 
chambers as a function of t,ime, thus enabling us to calculate protein diffu- 
sivitics in t,he membrane. Additional details on the experimental apparatus 
and procc3diire are discussed in a forthcoming study (4).  
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PROTEIN TRANSPORT I N  POROUS MEMBRANES 

Solution chamber 

2-0 t 

1801 

Ultrafiltrate flux, v 

To vacuum pump 

Fig. 1. Schematic diagram of unstirred filtration cell showing polarization 

Membrane (thickness= 6, area=A) 

I 

Fig. 2. Schematic diagram of the diffusion cell 
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1002 ROBERTSON AND ZYDNEY 

In general, there are two approaches used to describe solute transport in 
membranes: the Kedem-Katchalsky analysis (5, 6) and the Stefan-Maxwell 
multicoinponent diffusion analysis ( 7 ) .  The rclationship between these ap- 
proaches has been described by Lightfoot (7) and Lewellen (8). In this study, 
we have employed the Stefan-Maxwell analysis since it has a more rigorous 
theoretical basis and the resulting equations can be more easily applied to 
different geometries and to systems with more than one solute. 
Membrane TraLspoa 

In the Stefan-Maxwell analysis the membrane is treated as a diffusing 
species constrained to zero velocity and near-zero concentration gradients 
(3 ,  7 ) .  The one-dimensional Stefan-Maxwell equations in the membrane (m)  
for protein ( p )  and solvent (s) are 

Vp dP d 1 1 
_- + -- ln(zpyp) = --- - ( x p N s  - x s N p )  - - Z m N p  (1) 
RT dz  dz  CpDps CpDpm 

where y, is the activity coefficient for component 7. The phenomenolog- 
ical coefficients, D,, , are independent except for the synirnetry condition, 
D,, = D j t .  For gases at  moderate pressures, the D,, are identical to the cor- 
responding binary diffusion coefficients (8, 9, 10). Although, in general, the 
D,, are functions of local pressure, temperature, and composition, the set 
of parameters Dps ,  x.,/Dpm, and xm/D,, is relatively insensitive to varia- 
tions in pressure and composition (7) .  These three parameters thus provide a 
convenient description of the transport properties of the protein/meinbrane 
system independent of flow rate and experimental configuration. 

For our subsequent analysis, it is convenient to rewrite the flux equations 
in tcrms of the ultrafiltrate velocity, v ,  

v = VsN8 + VPNp (3)  

In the dilute solution limit the flux equations become (7, 8, 11) 

where 
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PROTEIN TRANSPORT IN POROUS MEMBRANES 1803 

and 

In the development leading to Eqs. (4) and ( 5 )  we have made use of the 
Gibbs-Duhem relation 

d d 
' d z  dz x ~- ln(xpTp) + z8-- In(z,y,) = o 

where the membrane phase is treated as being thermodynamically binary 
since its equilibrium state is fixed by that of the binary external phase 
(7).  Eqs. (4) and (5) are analogous to  the differential form of the Kedem- 
Katchalskg equations with u, the Staverman reflection coefficient, given as 

Batch FiltratAg 

species continuity equation is (assun ing a constant protein diffusivity, D) 
For the system depicted schematically iii Figure 1, the one-dimensional 

subject to the boundary conditions 

at  z = 0 (11) 
dC 

vC - D-- = uCf = N,(membrane) az 
c = c b  a t  z = m  

and initial condition 

c Cb at  t = O  (13) 

where C j  and cb are the filtrate and bulk protein concentrations, respec- 
tively. The ultrafiltrate velocity is evaluated by integrating Eq. (4) across 
the membrane of thickness 6 to give 

where L, is the hydraulic permeability and 
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1804 ROBERTSON AND ZYDNEY 

As we will show the protein flux in the membrane, N p ,  can be expressed in 
terms of t,he protein concentration at the membrane surface, Cw(t) ,  through 
the apparent sieving coefficient, S, 

Np(membrane) = vCf = wC,S, (16) 

where 
c f s, = /I 
L W  

The apparent sieving coefficient is often assumed to depend only on the 
properties of the membrane and the solute. In reality, S, is also a function 
of the convective and diffusive fluxes of solute through the membrane. In 
what follows, an explicit relationship between Cf and C ,  is developed by 
solving the Stefan-Maxwell equations for the protein concentration profile in 
the membrane. 

IJnder conditions of dilute solution, Eq. (5) can be written as 

d X P  - 1 1 
- - -x 2, - ---Np 
dz D1 GDz 

with D, and Dz given by Eqs. (6) and (7), respectively. Eq. (18) can be 
integrated across the membrane using the continuity equations for protein 
and solvent (7) 

N p  = constant (19) 

(20) N ,  = constant 

In deriving Eq. (21) we have applied equilibrium conditions at the upper 
(2 = 0 )  and lower ( z  = -6) surfaces of the membrane 

xp (membrane) - y,(solution) K =  - 
xp(solution) yP (membrane) 

where K is the equilibrium partition coefficient. We have also used the 
relationship between the filtrate concentration and the solute and solvent 
fluxes (7 )  

where the final expression is valid for sufficiently dilute solutions. Under 
these conditions, the ultrafiltrate velocity is given by w = N 8 / C  and the flux 
of protein is expressed as 

N p  = x f N ,  - vCj (24) 

as previously stated in Eq. (16). 
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PROTEIN TRANSPORT IN POROUS MEMBRANES 1805 

Eq. (21) can be used to evaluate the apparent sieving coefficient in terms 
of the Stefan-Maxwell diffusivities and the filtration velocity, v ,  as 

where 
F = exp (-D,v) 6 

Since the ultrafiltrate flux in our coordinate system is negative, Sa ap- 
proaches its limiting value 

D2 Sa = K-  
D1 

at high fluxes (large F )  and increases as the flux decreases. The dependence 
of S, on 

Eqs. (10) through (16), with S,, given by Eqs. (25) and (26), completely 
describe protein and solvent transport in the batch filtration system. We 
have developed an integral solution to these equations assuming a cubic poly- 
nomial in z for the concentration profile (11).  The result ca.n be expressed 
as 

is also discussed by Spiegler and Kedem (6) and Lysaght (12). 

where 

C,(t) is evaluated by numerically integrating Eqs. (28) and (29) with the 
albumin osmotic pressure evaluated from the data of Vilker et al. (13) using 
a cubic virial expansion in concentration (with virial coefficients B2 = 9.22 
x L/g, B3 = 3.03 x L2/g2). The term dv/dC, in Eq. (29) is 
evaluated analytically using Eqs. (14), (15), and (25) and dS,/dv is evaluated 
from Eqs. (25) and (26). 

_..____~ Diffusion Cell - 

Experimental data in the diffusion cell were analyzed using the procedure 
outlined by Scattergood and Lightfoot (3) and Keller et al. (2). The flux 
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1806 ROBERTSON AND ZYDNEY 

of radiolaheled protein (Np.)  can be evaluated using the Stefan-Maxwell 
analysis 

where N ,  
The flux of labeled protein (NP.) is equal, but opposite, to that  of the 

iinlabcled protein, A',. = N,. Since the labeled and unlabeled protein 
are essentially indistinguishable in terms of tht+ thermodynamic behavior 
WP ran write yp. yp. Since the total protrxin Concentration xp + xp. is 
coristant throughout the system. the activity cor4kicnt, yp* is independent 
of position and Eq. (30) can be solved for the protein flux to yield 

0 since is is constant throughout the s> tern and d P / d z  0. 

whtxre 

(32) 
2, x, 5 $ 5  1 xp+xp. +.--Tuz - + -  1 

Den D p ,  Dpm D p p *  D2 D p p *  

In writing Eq. (32), the radiolabeled protein diffusivities, D,. and D,. m, 

have heen replaced by D,, and D,, since the  labeled and unlabeled proteins 
have rssentially identical transport properties in the membrane. Since the 
solvmt, rncrnbranc, and total protein mole fractions do not vary with time, 
Drff is a constant for a given experimental run.  The protein mass balances 
i n  c.ach rharriber can be integrated directly, using Eq. ( 3 1 ) ,  assuming quasi- 
steady operation, to give (3) 

~vherc  C ,  and Cy refer to the labeled protein concentration in the two cham- 
1)cIrs of the diffusion cell and A is thc membrane cross-sectional area. In our 
t~sperinients, the volumes of the two chambers were equal, Vl - V,. Bulk 
coilcentration gradients were shown to be ncgligible under our experimental 
conditions (4). The product KD,H can then be cvaluatetl directly from data  
for C1 and c12 as a function of t.inie. 

RESTJLTS AXD DISCUSSION 

Experimental data for the ultrafilt,rate velocity and for the ratio of filtrate 
to biilk protein concentration are shown as a function of time in the top 
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PROTEIN TRANSPORT IN POROUS MEMBRANES 1807 

and bottom panels of Figure 3, respectively. Results are shown for a bulk 
albumin concentration of 5.6 g/L and a membrane hydraulic permeability of 
L ,  = 6 x 10 cm/sec/mm Hg (determined from saline flux data). The solid 
and dashed curves represent the model predictions, evaluated by numerically 
integrating Eqs. (28) and (29). The equilbrium partition coefficient, K, was 
estimated as approximately 0.1 (11) using the first term the virial expansion 
for K in concentration (14) 

V'  
(34) K -  .~ 

vpore 

where V' is the volume of the pores accessible to the centers of the molecules 
(assumed spherical) and V,,,, is the total pore volume. The best-fit values for 
KD2 / D l  and 6/D1 were determined by minimizing the sum of the squared 
residuals between experimental and predicted values of cj/cb and v .  This 
analysis gave the values KDz/Dl  = 0.010 It 0.001 and 6 / 0 1  = 1.7 * 0.1 
x lo4 sec,'cm. Attempts to evaluate all three parameters ( K D z / D l ,  6 / 0 1 ,  
and K )  from the filtration data led to physically inconsistent results due to 
the high correlation among these three parameters. The model predictions 
are in good agreement with the experimental data for cf/cb, with a mean 
square deviation between predicted and experimental values of 8%. 

Both the model predictions and experimental data show that cf/cb rises 
very rapidly at  short times ( t  < 50 minutes) and then increases more gradu- 
ally for times greater than 50 minutes. This initial rise is due to bulk concen- 
tration polarization effects with the wall concentration rapidly approaching 
its asymptotic value Ct for which A P  - uAlr ---f 0. For these experimen- 
tal conditions, with the best-fit values for KDz/D,  and 6 / 0 1  (correspond- 
ing to u 0.9), the asymptotic concentration is Ct z 200 g/L. The wall 
concentration has attained 98% of this value at  t = 50 minutes while the 
apparent sieving coefficient is only slightly greater than the high-flux value, 
S, - KDz  I D1 0.010, at this time. At longer times ( t  > 50 minutes), the 
ultrafiltrate flux becomes small enough that diffusive transport of albumin 
through the  membrane becomes important. Under these conditions, the ap- 
parent siei ing coefficient is greater than the high-flux asymptote as diffusion 
tends to reduce the concentration gradient across the membrane. The grad- 
ual increase in Cf/Gb at longer times reflects the rise in S, associated with 
this decrease in ultrafiltrate flux. By the end of the experiment ( t  = 520 
minutes). S, is 0.023 according to the model, more than twice the high-flux 
value. If S, w r e  assumed to be constant, as is often done in such systems. 
it becomes irnpossible to accurately describe the cJ/cb data in Figure 3. 

The solid and dashed curves in Figure 3 represent model predictions 
civaluated with two different values of the bulk Brownian rliffusion coefficient: 
the literature estimate under our experimental conditions, D = 6 x 
cm2/sec (2) and D = 30 x 10 -7 cm2/sec as suggested by Vilker t t al. (15). 
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1808 ROBERTSON AND ZYDNEY 

MODEL, D = 6  x lo-’  
MODEL, D = ~ O  10.’ 

MODEL, D = 6  x lo-’ 

*- * * * ~ * ~ ~ - -  - - 
0.0 I I I I 1 

0 100 200 300 400 500 6 0 0  

TIME, t ( M I N )  

0.8 1 
A . .-*- 

“ B  EXPERIMENTAL DATA 

10 

Fig. 3. Data for the ultrafiltrate flux (top) ant1 the ratio of the filtrate to 
bulk concentrations (bottom) a5 function\ of tirrie. Solid and dashed curves 
are model predictions from integration of Eq (28). 
Solid curve: (D - 6 x 10 cm2,’sec) KI:;)z 0.010. i, 17,000. 
Dashed curve: (D ~ 30 x 10 cni2,’sec) Kz2 0 010, i, 7000. 
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PROTEIN TRANSPORT IN POROUS MEMBRANES 1809 

Both curves are 
h i t  the dashed 
agreemcnt with 
kJY Vilker et a]. ( 
b a 

in good agreement with the sieving data in the lower panel, 
curve ( D  r 30 x 10 ' cm'/sec) is in significantly better 
the flux data. This type of discrepancy was also described 
15) in their analysis of albumin ultrafiltration in an unstirred 

tch cell and they attributed it to the effect of diffusion potentials. We also 
cbxplored the effect that  varying h'D2ID1, 6/D1, and K had on the predicted 
iiltrafiltrate flux, but no combination of these could provide an adequate fit 
to the flux data. The relative insensitivity of the flux to these parameters 
is in agrwment with the long-time solution for developed by Vilker et al. 
(15) 

1 

v = uo (;) (35) 

for a highly-rejecting membrane with constant S,. Their study showed that 
v,, is a function only of C', Cb, and cr, and has only a weak dependence on 
cr when C+/Cb >> 1 as is t,he case in our experiments. 

The experimental results for KD2iD1 and 6 / 0 1  can be used, in con- 
junction with the measured hydraulic pcrrrieability, to. evaluate the three 
~~~ic~~iornenological coefficients describing Iriembrane t,ransport. Eqs. (6) and 
( 7 )  give D,, = 4.0 x l O ~ - '  cm2#'sec, Dpln,/.r, 7 3 .2  x 10 - l o  cm2/sec, and 
Dsm/T, = 3.1 x 10 ~4 cm2/sec. D,, is six orders of magnitude smaller than 
D,,, reflecting the much stronger interaction of the membrane with protein 
than with solvent. 

Djffusion Cell 

The analysis of data in the diffusion cell is described in detail in a forth- 
coming study (4 ) .  The most accurate results were obtained by running the 
experiments for approximately twenty-four hours and then measuring the 
amount of radiolabeled protein in each chamber. There was some variation 
in data for different membranes from the same lot, but the results for albu- 
min in NOVA-50 membranes were well represented as KD,R = 4 f 1 x lo-" 
cIn2/sec. Data obtained at  different total protein concentrations (zP + xp*) 
indicate that the last term in Eq. (32) makes a negligible contribution to 
KD,R, i.e., KD,R .= KD2. These results were also confirmed by evaluating 
the mutual diffusion coefficient (2) in a syst,em in which one chamber was 
iiiitially filled with a protein solution and the other side with buffer alone. 

The value of K D z  det,ermined in the diffusion cell is in good agree- 
ment with that evaluated in the batch filtration system. The value obtained 
from the best-fit values of KDz/D1 and 6 / 0 1  in the filtration system is 
K D 2  = 3 t 0 .2  x lo-" cm2/sec compared t,o 41t1 x 10 ~ ' '  cm2/sec in the 
diffusion experiments. This agreement demonstrates that these parameters 
are true membrane parameters, independent of flow rate and experimental 
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iaio ROBERTSON AND ZYDNEY 

geometry. These results also indicate the general applicability of the Stefan- 
Maxwell analysis to membrane transport of proteins in a variety of experi- 
mental systems. The experimental and theoretical analyses presented here 
form the basis for continued studies on protein transport in ultrafiltration 
membranes, in particular studies of protein fractionation using size-selective 
membranes. 

S t ) T.4T I 0  5 
C - concentration 
C +  
D 
D,, Stefan-Maxwell diffusivity, cm2 jsec 
D, hmiped diffusivity, Eq. (6), cm2/sec 
D2 lumped diffusivity, Eq. ( 7 ) ,  cm2/sec 
D,m effective diffusivity, Eq. (32), cm'jsec 
K - equilibrium partition coefficient, dimensionless 
L ,  11) ilraulic permeability, cm/sec/mm Hg 
N molar flux, moles/cm2/sec 
P applied hydrostatic pressure, mm Hg 
S, - apparent sieving coefficient, dimensionless 
I.' - partial molar volume, cm3/moI 
ITpore 
I" - accessible pore volume, cm3 
2' ~ ultrafiltrate velocity, Eq. (14), cm/sec 
s mole fraction, dimensionless 

___ Subscripts - 

b = bulk 
f filtrate 
m - membrane 
p ~ protein 
p' = radiolabeled protein 
s ~ solvent 
w =- wall (membrane surface) 

Greek L e N r s  
Q ~ parameter in integral solution, Eq. (29), sec/cm 
7 -= activity coefficient, dimensionless 
6 = membrane thickness, p m  
x = osmotic pressure, mm Hg 
o = Staverman reflection coefficient, dimensionless 

asymptotic wall concentration, g/L or moIes/L 
bulk protein diffusion coefficient, cm2/sec 

volume of a membrane pore, cm3 
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